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$(u, v)$ 2 $f$ : $(\mathbb{R}^{2},0)arrow(\mathbb{R}, 0)$ $f$
1764 2011 16-29 16
$f$




, $c_{ij}= \frac{\partial^{i+j}f}{\partial u^{i}\partial v^{j}}(0,0)$ .
$H_{k}(u, v)$
$H_{k}(u, v)=H_{k}(f)(u, v)= \sum_{i+j=k}\frac{c_{ij}}{i!j!}u^{i}v^{j}$ .
$du,$ $dv$
$c_{k}=c_{k}(f)=H_{k}(f)(du, dv)$ ,
$c_{ku}=c_{ku}(f)= \frac{\partial H_{k}(f)}{\partial u}(du, dv)$ ,
$c_{kv}=c_{kv}(f)= \frac{\partial H_{k}(f)}{\partial v}(du, dv)$ ,
$c_{kuu}=c_{kuu}(f)= \frac{\partial^{2}H_{k}(f)}{\partial u^{2}}(du, dv)$ ,
$c_{kuv}=c_{kuv}(f)= \frac{\partial^{2}H_{k}(f)}{\partial u\partial v}(du, dv)$ ,
$c_{kvv}=c_{kvv}(f)= \frac{\partial^{2}H_{k}(f)}{\partial v^{2}}(du, dv)$ , . . .
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1.1 $A_{k}$
$f(u, v)$ $(0,0)d$ $(i.e., c_{10}=c_{01}=0)$ .
$\bullet$ $f(u, v)$ $(0,0)$ $A_{1}$
$\bullet$ $(\begin{array}{ll}c_{20} c_{ll}c_{l1} c_{02}\end{array})$
1 ?
$\bullet$ $(\begin{array}{ll}c_{20} c_{l1}c_{ll} c_{02}\end{array})$ 1
$\bullet$ $c_{2u}=c_{2v}=0$ $(du, dv)$
$(dudv)(\begin{array}{ll}c_{20} c_{ll}c_{ll} c_{02}\end{array})=(00)$ .
$\bullet$ $(du, dv)$ $s$
$(\begin{array}{ll}c_{20} c_{ll}c_{ll} c_{02}\end{array})=s(\begin{array}{ll}dv^{2} dv-du-dudv du^{2}\end{array})$ .
$f$ $f$ $A_{k}(k\geq 2)$
$f$ $A_{k}$ $(k$
)
1.1. $(du, dv)$ $H_{3}(u, v)=0$ ( $c_{3}\neq 0$ ) $f$ $F$
$A_{2}$
1.2.
$\bullet$ $f$ $(0,0)$ $A_{3}$
$\bullet$ $c_{3}=0$
$-dv\neq 0,$ $c_{4}+ \frac{c_{3^{2}}}{2sd}v^{2}arrow\neq 0$.
$-du\neq 0,$ $c_{4}+_{u^{\overline{2}}}^{2} \frac{C3}{2sd}2\neq 0$ .
$\bullet c_{3}=0$ , $sc_{4}- \frac{1}{8}|\begin{array}{lll}c_{30} c_{21} dv^{2}c_{2l} c_{12} dv-duc_{12} c_{03} du^{2}\end{array}| \neq 0$ .
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13.
$\bullet$ $f$ $(0,0)$ $A_{4}$
$\bullet$ $c_{3}=0$
$-dv\neq 0,$ $c_{4}+ \frac{c_{3^{2}}}{2sdv^{2}}=0,$ $c_{5}+ \underline{c}_{3}c_{4}\lrcorner A\lrcorner Adv^{Z}s+\frac{c_{3}c_{3}2}{2dv^{4}s^{2}}\neq 0$.




$-dv\neq 0,$ $c_{4}+ \frac{c_{3_{u}^{2}}}{2sdv^{2}}=0,$ $c_{5}+ \frac{c_{3u^{C_{4}}u}}{dv^{2}s}+\frac{c_{3_{u}u}c_{3_{u}}^{2}}{2dv^{4}s^{2}}=0$ ,
$c_{6}- \frac{2c_{3u}c_{5u}+c_{4_{u}^{2}}}{2dv^{2}s}+\frac{2c_{3u}(c_{3uu}c_{4u}+c_{3u}c_{4uu})}{2dv^{4}s^{2}}+\frac{c_{3_{u}^{2}}(c_{21}^{2}-c_{12}c_{30}-7c_{3_{uu}^{2}})}{12dv^{6}s^{3}}\neq 0$ .




$f(u, v)$ $(0,0)$ $D_{4}$
$H_{3}(u, v)=0$ $f$ $(0,0)$ $D_{4}$
$C_{30}$ $2c_{21}$ $c_{12}$ $0$
$0$
$c_{30}$ $2c_{21}$ $c_{12}$
$c_{21}$ $2c_{12}$ $c_{03}$ $0$
$0$
$c_{21}$ $2c_{12}$ $c_{03}$
$\neq 0$ . (1)
$D_{4}$
(1) $0$ $f$ $(0,0)$ $D_{5}$
$c_{10}=c_{01}=c_{20}=c_{11}=c_{02}=0\hslash\searrow$
$H_{3}(u, v)= \frac{1}{6}(c_{30}u^{3}+3c_{21}u^{2}v+3c_{12}uv^{2}+c_{03}v^{3})=0$
2 $(du, dv)$ $(du_{1}, dv_{1})$
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1.5.
$\bullet$ $f$ $(0,0)$ $D_{5}$
$\bullet|\begin{array}{llll}c_{30} 2c_{21} c_{l2} 00 c_{30} 2c_{2l} c_{l2}c_{2l} 2c_{12} c_{03} 00 c_{2l} 2c_{l2} c_{03}\end{array}|=0,$ $c_{4}\neq 0$ .
1.6.
$\bullet$ $f$ $(0,0)$ $D_{6}$
$\bullet|\begin{array}{llll}c_{30} 2c_{2l} c_{12} 00 c_{30} 2c_{2l} c_{12}c_{l2} 2c_{2l} c_{03} 00 c_{l2} 2c_{2l} c_{03}\end{array}|=0,$ $c_{4}=0,$
$c_{5}+ \frac{(c_{4u}du_{1}+c_{4v}dv_{1})^{2}}{4|\begin{array}{ll}dv dudv_{1} du_{1}\end{array}|}\neq 0$
.





$\bullet$ $(du, dv)$ $H_{4}(u, v)=0$ $(i.e., c_{4}\neq 0),$ $f$ $F$ $E_{6}$
$\bullet$ $(du, dv)$ $H_{4}(u, v)=0$ $f$ $E_{7}$
$\bullet$ $(du, dv)$ $H_{4}(u, v)=0$ $c_{5}\neq 0$ $f$ $E_{8}$
2
$C^{\infty}$
$g$ : $(\mathbb{R}^{2},0)arrow(\mathbb{R}^{n}, 0)$
$h_{v}$ : $\mathbb{R}^{2}arrow \mathbb{R}$ , $(u, v)\mapsto\{g(u, v),$ $v\rangle$ for $v\in S^{n-1}$ ,
$d_{y}$ : $\mathbb{R}^{2}arrow \mathbb{R}$ , $(u, v) \mapsto-\frac{1}{2}\Vert y-g(u, v)\Vert^{2}$ for $y\in \mathbb{R}^{n}$ .
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$g$ $(u_{0}, v_{0})$ $k$
$G_{k}=H_{k}(g)$ : $\mathbb{R}^{2}arrow \mathbb{R}^{n}$ , $(du, dv) \mapsto\sum_{i+j=k}\frac{1}{i!j!}\frac{\partial^{i+j}g}{\partial u^{i}\partial v^{j}}(u_{0}, v_{0})du^{i}dv^{j}$
$k$
$H_{k}(h_{v})(u, v)=(G_{k}(u, v),$ $v\}$
$H_{k}(d_{y})(u, v)=\{G_{k}(u, v),$ $y-g(u_{0}, v_{0}))-I_{k}(u, v)$
$I_{k}(u, v)$ $k$ $I_{2}$
$I_{2}(u, v)=I_{2,0}(u_{0}, v_{0})u^{2}+2I_{1,1}(u_{0}, v_{0})uv+I_{0,2}(u_{0}, v_{0})v^{2}$
$I_{2,0}=\{g_{u}, g_{u}\},$ $I_{1,1}=\{g_{u}, g_{v}\},$ $I_{0,2}=\langle g_{v},$ $g_{v})$ . $I_{3}$ 3
$I_{3}(u, v)= \frac{1}{6}(I_{3,0}(u_{0}, v_{0})u^{3}+3I_{2,1}(u_{0}, v_{0})u^{2}v+3I_{1,2}(u_{0}, v_{0})uv^{2}+I_{0,3}(u_{0}, v_{0})v^{3})$ ,
$\langle\underline{B}$ $I_{3,0}=3\langle g_{u},$ $g_{uu}\rangle,$ $I_{2,1}=\langle g_{v},$ $g_{uu}\rangle+2\{g_{u},$ $g_{uv}\rangle,$ $I_{1,2}=\langle g_{u},$ $g_{vv}\rangle+2(g_{v},$ $g_{uv}\rangle$ ,
$I_{0,3}=3\{g_{v},$ $g_{vv}\rangle$ .
2.1 $n=3$
$\blacksquare$ $h_{v}$ . $h_{v}$ $A_{1}$ $v\in S^{2}$
$H_{1}(h_{v})(u, v)\equiv 0$ ,






$d_{y}$ . $d_{y}$ $A_{2}$ $y\in \mathbb{R}^{3}$
$H_{1}(d_{y})(u, v)\equiv 0$ , $c_{2u}(d_{y})=0$ , $c_{2v}(d_{y})=0$ .




$\blacksquare$ $h_{v}$ . $d_{y}$ $A_{2}$ $v\in S^{3}$




$d_{y}$ . $d_{y}$ $A_{3}$ $y\in \mathbb{R}^{4}$
$H_{1}(d_{y})(u, v)\equiv 0$ , $c_{2u}(d_{y})=0$ , $c_{2v}(d_{y})=0$ , $H_{3}(d_{y})(du, dv)=0$ .
$(du, dv)$
$\det(\begin{array}{ll}g_{u} 0g_{v} 0g_{uu}du+g_{uv}dv I_{2,0}du+I_{1,1}dvg_{uv}du+g_{vv}dv I_{l,l}du+I_{0,2}dvG_{3}(du,dv) I_{3}(du,dv)\end{array})=0$ . (2)
$g:\mathbb{R}^{2}arrow \mathbb{R}^{4}$
$g(u, v)=(u,$ $v, \sum_{i+j\geq 2}\frac{a_{ij}}{i!j!}u^{i}v^{j},\sum_{i+j\geq 2}\frac{b_{ij}}{i!j!}u^{i}v^{j})$ .
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(2)
$\det(\begin{array}{lll}a_{20}du+a_{ll}dv b_{20}du+b_{1l}dv dua_{ll}du+a_{02}dv b_{l1}du+b_{02}dv dvA_{3}(du,dv) B_{3}(du,dv) 0\end{array})=0$
$A_{3}(u, v)= \sum_{i+j=3}\frac{a_{ij}}{i!j!}u^{i}v^{j},$ $B_{3}(u, v)= \sum_{i+j=3\overline{i}!^{i}j!}^{b_{\lrcorner}}u^{i}v^{j}$ .
2.3 Case $n=5$ .
$\blacksquare$ $h_{v}$ . $d_{y}$ $A_{3}$ $v\in S^{4}$




$d_{y}$ . $d_{y}$ $A_{4}$ $D_{4}$
$y\in \mathbb{R}^{5}$
$D_{4}$ 1 3
$\det(\begin{array}{ll}g_{u} 0g_{v} 0g_{uu} I_{2,0}g_{uv} I_{l,1}g_{vv} I_{0,2}G_{3}(du,dv) I_{3}(du,dv)\end{array})=0$ .
$A_{4}$ $(du, dv)$
$(du, dv)$ 14
2.4 Case $n=6$ .






$d_{y}$ . $d_{y}$ $A_{5}$ , $D_{5}$
$y\in \mathbb{R}^{6}$
$D_{5}$ $(du, dv)$ $(du_{1}, dv_{1})$
$(du, dv)$
$\det\{\begin{array}{ll}g_{u} 0g_{v} 0g_{uu} I_{2,0}g_{uv} I_{1,1}g_{vv} I_{0,2}(G_{3})_{u}(du,dv) (I_{3})_{u}(du,dv)(G_{3})_{v}(du,dv) (I_{3})_{v}(du,dv)\end{array}\}=0$
$A_{5}$ $(du, dv)$ (78 )
2.5 Case $n=7$ .
$\blacksquare$ $h_{v}$ . $d_{y}$ $A_{5},$ $D_{5}$ $v\in S^{6}$






$d_{y}$ . $d_{y}$ $A_{6},$ $D_{6},$ $E_{6}$
$y\in \mathbb{R}^{7}$
$E_{6}$ $(du, dv)$
$\det\{\begin{array}{ll}g_{u} 0g_{v} 0g_{uu} I_{2,0}g_{uv} I_{1,l}g_{vv} I_{0,2}g_{uuu}du+g_{uuv}dv I_{3uu}(du,dv)g_{uuv}du+g_{uvv}dv I_{3uv}(du,dv)g_{uvv}du+g_{vvv}dv dv)I_{3vv}(du\end{array}\}=0$




2.6 Case $n=8$ .








$d_{y}$ . $d_{y}$ $A_{7},$ $D_{7},$ $E_{7}$
$y\in \mathbb{R}^{8}$
$E_{7}$ $(du, dv)$
$\det\{\begin{array}{lll}g_{u} 0 g_{v} 0 g_{uu} I_{2,0} g_{uv} I_{l,l} g_{vv} I_{0,2} g_{uvu}du+g_{uuv}dv dv)I_{3uu}(du g_{uuv}du+g_{uvv}dv I_{3uv}(du,dv) g_{uvv}du+g_{vvv}dv I_{3vv}(du dv)G_{4}(du,dv) I_{4}(du,dv) \end{array}\}=0$
$D_{7}$ $A_{7}$ ( )
2.7 Case $n=9$ .




$D_{7}$ $A_{7}$ ( )
$\blacksquare$
$d_{y}$ . $d_{y}$ $A_{8},$ $D_{8},$ $E_{8},$ $X_{9}$
$y\in \mathbb{R}^{9}$
$X_{9}$ $(du, dv)$




$D_{8}$ $A_{8}$ ( )
2.8 Case $n=10$ .







$D_{8}$ $A_{8}$ ( )
$\blacksquare$








$D_{9}$ $A_{9}$ ( )
2.9
$n$
$(du, dv)$
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